ON THE REPLICA SYMMETRY PHASE OF
THE INDEPENDENT SET PROBLEM

NICOLA KISTLER AND MARIUS A. SCHMIDT

ABSTRACT. The independent set problem, ISP for short, asks for the maximal number
of vertices in a (large) graph which can be occupied such that none of them are neighbors.
We address the question from a statistical mechanics perspective, in the case of Erdds-
Rényi random graphs. We thereby introduce a Hamiltonian penalizing configurations
which do not satisfy the non-neighboring constraint: the ground state of the ensuing
disordered system corresponds to the solution of the ISP. Identifying the ground state
amounts, in turns, to control the phase where replica symmetry is broken, which is
way beyond our current understanding. By means of Talagrand’s cavity method, we
rigorously establish the existence of a replica symmetry phase, computing, in particular,
the free energy in the limit of large graphs. A conjectural formula for the ground state,
hence for the solution of the ISP, is also derived. Being based on the Parisi theory, the
emerging picture is that of a staggering complexity.
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1. INTRODUCTION

The ISP is a fundamental question in computer science, see e.g. [5, 4, 6, 8, 10, 25]
and references therein. Given a graph, what is the largest fraction of vertices which can
be occupied such that none of them are neighbors? With applications in mind where the
graph is large, we address here the question in the case of the paradigmatical Erdés-Rényi
random graph Gy, i.e. the complete graph on N vertices where each edge is retained
with probability p independently of each other. We are interested in the ISP for a given
realization of the graph Gy, in the large /N-limit.

To formalize, we consider a configuration space ¥y = {0,1}¥. Given a configuration
o= (01,...,0n) € X we refer to o; as the spin at site i. We say that site i is occupied if
o; = 1, and unoccupied otherwise. Consider then random variables {g;;,1 <i < j < N}
on some probability space (£, F,P); these are assumed to be independent, Bernoulli-
distributed with success probability v/N. (Expectation w.r.t. such random variables will
be denoted by E). Site i and j are neighbors if g;; = 1. This construction thus corresponds
to the ISP on Gy, where p = v/N. In other words, the parameter v measures the amount
of dilution: the larger it gets, the more connected the underlying random graph. Finally,
we consider the random function Hy : X5 — N defined as

N .
Hy(o) = { 2=t 7 1 Lisician 957105 =0 (1)
—00 otherwise.
Thus, the largest fraction of non-neighboring sites which can be occupied is, on average,
1
E {N max HN(O'):| = ISPx (7). (1.2)

In the form given above, the non-neighboring condition is a hard-core constraint which
makes the problem all the more challenging. In this paper, we adopt a statistical me-
chanics perspective. We refer the reader to the lecture notes of Montanari [13] for an
excellent exposition of this point of view, the relation with combinatorial problems, as
well as relevant references (see also, e.g., [7]). Precisely, we introduce the Hamiltonian

Hypgny(o) = hz o — B Z 9ij0i05, (1.3)
<N 1<i<j<N

where h, 3 > 0 are, respectively, the external magnetic field, and the inverse of tempera-
ture. The associated Gibbs measure is then

exp Hy g n(0)

g o) = , 0 EXn, 1.4
N7ﬁ7h77( ) ZN(ﬁ, h".)/) N ( )
where
Zn(B,h,y) = Y exp Hypny(0) (1.5)
TEXN

is the partition function. Remark that the Gibbs measure is a random (”quenched”)
probability measure on Yy, the randomness stemming from the g-disorder. The ensuing
disordered system may be seen as a soft version of the ISP: the configurations not satisfy-
ing the non-neighboring condition, although not suppressed, are exponentially penalized.
Intuitively, the Gibbs measure will thus charge, for large 3, only configurations which
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‘overwhelmingly’ satisfy the hard-core constraint. For finite N, this intuition is indeed
correct: the largest fraction of sites which can be occupied on average may be recovered
from the mean free energy

1
fN(ﬂah77)E]E NlogZN(ﬂahafY) ) (16)
for then it clearly holds that
i tim 22X gep 0. (1.7)
h—o00 —00 h

Therefore, assuming that one can i) compute the limiting free energy for all 8, h and +,
and 1) justify the interchange of (3, h)- and N-limit, the statistical mechanics approach
would yield the solution of the ISP in the case of infinite Erd6s-Rényi graphs. The first
issue is the crux of the method, while the second may be considered a technical, albeit
challenging, difficulty. In fact, computing the low temperature (large §) limit of disordered
systems is a notorious problem which leads into the realm of replica symmetry breaking
[16], a phenomenon that remains to these days rather perplexing (we will dwell on this in
Section 2.2 below).

As a first, modest step we tackle here the phase of replica symmetry, computing, in
particular, the large-N free energy in the high temperature regime (small ), or low
connectivity (small ). This is done by an adaptation of Talagrand’s cavity method [24],
to date the most powerful, and flexible tool to address the replica symmetry phase of a
(any?) diluted disordered system of mean field type.

Finally, we also provide an explicit, albeit conjectural formula the low temperature free
energy (for any f,h and ), hence for the solution of the ISP: the method relies on the
interpolation akin to the one first introduced by Guerra in [12] and then Aizenman-Sims-
Starr [1] for mean filed models, and implemented for diluted models by Franz-Leone [9]
and Panchenko-Talagrand [22].

2. MAIN RESULTS

2.1. The phase of replica symmetry. The key idea is natural, and simple: for small 3
(high temperature), or small v (strong dilution) the Gibbs measure EGy s, , restricted to
a finite number of spins should approach a product measure in the large N-limit; assuming
that the system settles down to a ”steady state”, the law of the spins must then satisfy
a natural self-consistency. The cavity method implements this insight by integrating out
one spin at a time (creating cavities), thereby showing that the procedure is indeed a
contraction.

To see how this precisely goes, we need some notation. For ease of exposition we will
henceforth drop the subscripts in the Hamiltonian, i.e. we write H (o) for the Hamiltonian
Hypgn~(0) on the N-system, and denote by () expectation w.r.t. the quenched Gibbs
measure. By H_(o) we understand the Hamiltonian on the N — 1 system at parameters
3, h but slightly increased dilution 7/ = £=1~ and () _ stands for the associated quenched
average over Xy_1. Finally, for Y = (y;);en with y; € [0, 1], we denote by (), the product
measure on spins with marginals given by (0:)y = u;.
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Let us work out some implications of the intuition that Gibbs measure should resemble
a product measure. Under this assumption, and since spins take values in {0, 1} only, the
quenched Gibbs measure is specified by the ”magnetization” of the spins: for instance at
site N, this reads
Y gexy ON €xp H(0)
> vesy &Xp H(0)

We now write H(c) = H_(01,...0n-1)+0N (h —-p Zfi}l gi,N0i>, perform the trace over

<O'N> == (21)

on € {0,1}, and finally divide both numerator and denominator in (2.1) by the partition
function on > x_; associated to the Hamiltonian H_. This leads to

<exp (h - B Zf\;l gi7N0i> >_ N-1 -1
(on) = - <exp (h CayN gi,NUz’> >_ =1+ <6Xp (h -p ; gi,NUi> >

(2.2)
The sum on the r.h.s. of (2.2) is over the (random) set {i < N —1: ¢g; y = 1}; in the large
N-limit its cardinality weakly approaches a Poisson random variable of mean ~, which we
denote by r. In other words, the distribution of (o) should be close to the law of

1

1+ <eXp (h - BZ@-) > : (2.3)

where Y = (<O’i>_)i ., are the magnetizations on the (N — 1)-system. Exploiting the

product measure property, (2.3) may be written as

(1 +e " (- (1-e?) <ai)_)_1> : . (2.4)

i<r

To summarize, we should have

L((on)) =L <1 +eh H (1—(1—e") (ai)_)‘l) : (2.5)

i<r

where £ stands for law. Remark that the r.h.s of (2.5) involves the magnetizations on the
(N — 1)-system, whereas the Lh.s refers to the N-system: it seems plausible that there
shouldn’t be any difference in the large N-limit, in which case (2.5) would appear as a
natural self-consistency property.

To rigorously formulate the above line of reasoning we introduce an operator T° =
Ts 1~ acting on (M,d), the space of probability measures on [0, 1] equipped with the
Monge-Kantorovich distance. The latter is defined as d(u, u2) = inf E|X — Y|, where
the infimum is taken over all couplings (X,Y) such that £(X) = p; and L(Y) = uo.
(The associated convergence is equivalent to the usual weak-convergence of probability
measures: d(un,, ) — 0 if and only if [ fdu, — [ fdu, for all f which are continuous
and bounded, see e.g. [24] for details.)
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Given v € M, we consider an infinite sequence X = (X;);en of independent, v-
distributed random variables taking values in [0, 1]. The aforementioned operator T, . :
M — M is then

Ton) =L |1+ <exp (h -8 ai> > . (2.6)

ig’l" X

The self-consistency standing behind (2.3) or, which is the same, (2.5), corresponds then
to the fixpoints

VvV = Tg’h’,y(l/). (27)
Existence, uniqueness, and properties of solutions to this equation will naturally depend
on the underlying parameters 3, h,~. Let us set

CBAN=T(r+7") (¢ = 1) exp (v (¥ 1)) . (2.8)
Here is a first result.

Proposition 1. With the above notation:

i) Assume that B, are such that C(B,7v) < 1. Then the T-operator is a contraction
on (M,d). In particular, there exists a unique solution v, = v,(B,h,v) of the
fizpoint-equation Tpp (V) = v.

i) Assume that 3,v,7 are such that C(5,v) < 1 and C(B,7') < 1. For v, (5,h,7)
and v, (B, h,v'") solutions of the corresponding fixpoints, the continuity estimate

holds:
d(l/* (57 hv ’7) ) Uk (/6)’ h’ '7,)) S ICBKY,W' |/Y - ’7/| ) (29)
where Kg . = min {(1 - C(p, 7))71 ,(1—=C(B, 7’))71}.

A cautionary note is compulsive. The requirement C(5,v) < 1 identifies a region of
parameters we refer here and throughout as replica symmetry phase. It should be however
stressed right away that our definition presumably covers only a wee-tiny region of the
‘true’ replica symmetry phase. It is natural to conjecture that the latter coincides with the
largest region in the (3, h, v)-space where the fixpoint equation admits a unique solution.
This guess is however based on nothing more than (some) similarities with models which
are (only slightly) better understood than the ISP.

Next is our main result concerning the Gibbs measure in the replica symmetry phase.
It puts on rigorous ground the key insight that finitely many spins ”decouple” in the large
N-limit (provided 3,7 are small enough). In order to formulate this precisely we need
some notation.

For any function f : R — R we denote by || f||s = sup, |f(z)| its supremum norm; for
L € R, we say that f is L-Lipschitz if |f(z) — f(y)| < L|z — y| for any z,y € R (or any
subset on which f is defined).

Theorem 2. Let k, N € N. For any function f:{0,1}* — R, and any function g which
is Ly-Lipschitz on [min f, max f], there exists a function a(B,v) which is increasing in
both coordinates (not depending on k,N, f,g) and finite for C(5,v) < 1, such that the
following s true:

Eq ((f (01, s 08))) — Eg (E[f (Br, -, Be) XD < (8 )l Ly

gﬁa
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where v, is the unique fixpoint of Tsp, X = (X, .., Xk) is a vector of independent v,-
distributed random variables and, given X, the Bls are independent, and Bernoulli(X;)-
distributed.

The decoupling of spins in the large N-limit plays a fundamental role in the computation
of the free energy in the phase of replica symmetry. Here is the upshot.

Theorem 3. Assume that 3, are such that C(8,7) < 1. Then the limiting free energy
f(ﬁa h,')/) = ]\}lm fN(ﬁﬂh’vﬁ)/)
—00

exists, and is given by

f(8,h,y) = Elog (1 +e" (- X (1- eﬁ))) + %Elog (1-(1-e")X1Xs) ,
i<r

where the X’s are independent, v,-distributed, and r is Poisson(7)-distributed, indepen-

dent of all X .

The proof of Theorem 3 is given in Section 3: it relies on the cavity method, i.e. on
integrating out one spin at a time, and on Proposition 1 and Theorem 2. The simple
proof of Proposition 1 is given in Section 4. The proof of Theorem 2, being technically
involved, is deferred to Section 5. Before that, we however briefly discuss what might
happen for large 3. Perhaps not surprisingly, the Parisi Theory [15] suggests a behavior
of stunning intricacy.

2.2. The phase of broken replica symmetry: a fact, and a conjecture. We unfor-
tunately need an arsenal of notations, concepts and definitions. Let K € N. Recall that
M, stands for the space of probability measures on [0,1]. Fori =1... K + 1 we define
inductively M, as the space of probability measures on M;_;.

Definition 4. A measure ( € M1 is a K-level directing measure.

Here is another definition; the reason for the terminology will become clear below. We
denote by ' = (i1,...,4;) € N' a multi-index of length [ € N.

Definition 5. The quenched magnetizations driven by the directing measure ((, K) is a

collection of random variables X e [0, 1] which are constructed as follows. Consider

first a C-distributed random wariable, denoted by ng and inductively construct the array

of random variables (nﬁl),wj,j € N) : these are assumed to be independent and n(l b

distributed. We then set X*" = ngf).
(2

We also need to recall the so-called Derrida-Ruelle cascades [23]. These are point
process on [0, 1] with an in-built tree-like (hierarchical) structure.

Definition 6. Consider an array m*

(ml,mz,...,mK) where 0 < mq < mg < -+ <
-1 O]
'I»

we denote by (e,
O]

'L

myg < 1. For any )jGN a Poisson point process on Ry with

intensity t~™~1dt; the point processes (e, )]EN and ( k:l . )jeN are independent as soon

as i1 # k7Y The 7levels” e®) and e® are also assumed to be independent as soon as
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k # 1. We define the point process E = (e;),cni, Wwhere e; = eﬁ) : 62(12’)1-2 e §f(>ZK A

K -levels Derrida-Ruelle cascade with parameters m is the point process
€s
B ZTENK 67'

We are not done with definitions. The following will play an absolutely crucial role.

Vim = (Vs)genr »  where vs =

Definition 7. A K-levels Mézard-Parisi structure is a couple ((, Vi) consisting of a K-
levels directing measure ¢, and a K -levels Derrida-Ruelle cascade Vy, which is independent

of C.

Let us assume henceforth to be given an MP-structure ((,Vy = (vs)s). Recalling
that (3, h,7) are the parameters associated to the ISP (inverse of temperature/magnetic
field/dilution), and for ¢ € [0, 1], we consider the interpolating Hamiltonian

HNt - Z g”ala]—i-Zg”azlog@ 65 X5 —i—hZaz

1<i<j<N 1,5=1
where:

e § € N¥ is a multi-index.

e The ¢* are Bernoulli(yt/N)-distributed, the ¢ are Bernoulli(y(1 —¢)/N)- dis-
tributed, all independent.

e The (X;fj),; are independent quenched magnetizations driven by the K-levels di-
recting measure (, all independent, and independent of the ¢g* as well as the g.
(The e appearing in the logarithm is of course a spin taking values 0 or 1).

We define the interpolating Gibbs measure on ¥y x N¥ according to
Vg eXP (H]‘zu(a))
Z Y
where Z is the obvious normalization. We write (), for expectation w.r.t. G;, and ()"
for expectation w.r.t. G©". We also introduce the ”interpolating free energy”

() = %Elog Z Z Vs €XP (H]‘z,’t(a)) .

deNK oeXy

Gi(0,6) =

and the Mézard-Parisi functional

MP3 1.~ (C, Vin) = Elog Z Vs (1 —I—ehH<e ’3‘5>X5> - —Elog Z Vs <e ’3‘5152 X‘5 X3)

deNK deNK

In the above, r is a Poisson(7y) random Varlable which is independent of everything else
and the X are the quenched magnetizations driven by the K-level directing measure
(independent of each other for different subindeces, and ”hierarchically dependent” what
pertains the superindeces). Remark that the MP-functional does not depend on the size
of the system V.

With these definitions, by the fundamental theorem of calculus,
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But for ¢ = 1 the Hamiltonian Hfht:l coincides with the original ISP, hence

fw(B.hy) = 9(0) + / S (1)t (2.10)

since » sv; = 1. Under the light of (2.10), it would be useful to get a handle on ¢(0)
and ¢'(t). The computations behind this step are straightforward, but long: they are
postponed to the Appendix. Here we shall simply state the upshot, relating (2.10) and
the PM-functional just introduced.

Fact 1. For any N € N, (8,h,v) and K-levels MP-structure (¢, Vi), it holds:
fN(Ba ha ’7) = MPB,h,"/(C) Vm) + RN,B,h,’y(ga Vm)» (211)

where the "rest-term” is given by

RN 51y (€, Vin) %Z — / dt]E<( ZHU —IEXHX‘SZ) > .
n=1 0 i<N I=1 I<n
"(2.12)

(The superindeces on the r.h.s. above, i.e. those in ¢!, = 1...n, refer to configurations
drawn from G;°".) We can now finally move to

Conjecture 8. To given (B, h,v) there exists a unique K*-levels MP-structure S* =
S*(B, h,v) = (¢*,V}4,) such that

]\}1—I>Ic1>o Rng,h’,y(S*) =0.
(The case K* = oo is also possible!)

This conjecture would imply that the limiting free energy of the ISP is given by

f(ﬁa h7 7) = MPﬁ,hW(‘S*) y

with 8* the (unique) Parisi-Mézard structure associated to the parameters (5, h, ). As
explained in the introduction, this would also yield a solution of the ISP in case of infinite
Erdés-Rényi random graphs, for any dilution-parameter . Indeed, it would hold that

o MPg g, (SY)
SRR T

For this, we should focus the attention on the Ry-term in (2.12). A moment’s thought
suggests that, should this term indeed vanish (for well chosen MP-structure), the following
picture emerges: under the Gibbs measure, finitely many spins behave like a mizture of
random variables! Slightly more precisely, it would follow that given a realization of the
quenched magnetizations driven by the directing measure, spins are independent. Under
the light of exchangeability and de Finetti-type theorems, see e.g. [2], such a result is
perhaps not really surprising, half-jokingly: if not miztures, what else? What is way less
obvious is that the de Finetti measure driving the mixture should be ultrametric, i.e.
hierarchically organized (a property which is inherited from the Derrida-Ruelle cascades).
We have no convincing explanation for this: it is simply in line with the Mézard-Parisi
Ansatz [14] for diluted models. For more on the role of exchangeability in spin glasses
(mean field or diluted) with a particular focus on hierarchical structures, see [3].
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A rigorous approach to the Mézard-Parisi Ansatz, of which our conjecture is but one
concrete case, is laid out in the works [17, 18, 19, 20, 21]. The approach is based on many
ingredients, such as perturbations of the ISP-Hamiltonian, the Ghirlanda-Guerra identi-
ties [11], computations a la Aizenman-Sims-Starr [1], ultrametricity [17], exchangeability
[19], Franz-Leone [9] upper-bounds, etc. It would take too long to explain any of this in
detail, so we refer in particular to the introduction of [21] for an overview.

We finally point out that the appeal of ultrametricity goes well beyond what may be
perceived as some form of aesthetic beauty. In fact, a hands-on approach to the issue,
by this we mean a disorder-dependent construction of the ”growing tree”, would have
considerable impact on applications: it would open the gate towards efficient algorithms
for the construction of the maximal independent set, for given realization of the Erdds-
Rényi random graph. The latter problem is naturally way more challenging than the
mere (...) computation of the free energy. (The above conjecture, with the complexity
lying underneath the surface, should be seen as a cautionary note). Progress on this type
of questions is yet nowhere in sight. To date, interpolations a la Guerra are the finest
weapons available to address the low temperature behavior of spin glasses (be it diluted or
mean field). In a wealth of models, these tools have proven tremendously effective for the
computation of extensive quantities such as free energy, entropy, etc. Unfortunately, they
also possibly change irreparably the models as far as the finer quantities are concerned.

The remainder of the paper is devoted to the proofs.

3. THE FREE ENERGY

In this section we give a proof of Theorem 3 assuming Proposition 1 and Theorem 2. As
mentioned, the approach is based on integrating out one spin at a time (creating cavities),
and exploiting the asymptotical decoupling. Some caution is needed, since the procedure
of creating cavities induces small (but relevant) changes in the dilution-parameter: this is
taken care by a telescopic decomposition. Precisely, denoting by Fy (8, h, ) the unnor-
malized free energy, we write

N .
1 1—1
fN(67h77):NZ(F'L<67h7’Y)_E—1 (ﬂ7h7 i 7))
=2 (3.1)
1—1 Fi(8, h,
- (El(ﬂahafy)_ﬂl (ﬁ?ha . 7>>+M
1 N
Recalling that ' = %7, we shorten
ANEFN(ﬁath)_FNfl(ﬁahaf}/)a (32)
BNEFN—I(BJhJ/y)_FN—l (/th'vry/)‘ ‘
With this notation, it follows from (3.1) that
i £ = i A iy B 9

provided that both A- and B-limits exist.
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3.1. The A-limit. It holds
> veny &P H(0)
ZO’EEN—I exXp H_ (U)

We now proceed along the lines of (2.1) and (2.2), i.e. we write H(o) in terms of
H_(oy,...,0Nn-1), and perform the trace over o € {0,1}. Equation (3.4) then reads

Ay =Elog | 1+ <exp (h - B Z gi7Nai>> (3.5)

1<N—-1

As the randomness in the Gibbs measure is independent of the g; y, and since the Gibbs
measure is invariant (in distribution) under permutations of spins, we have in fact that

Ay =Elog | 1+ <exp (h — 62@) > , (3.6)

1<S

where S = ) gin.
i<N
We introduce

fr(x1, .., x) = exp (h — 52:@) , (3.7)
i<k
and
g(z) =log (1 + ). (3.8)
With this notation, and integrating out S, (3.6) yields

P(S = k)Elog 1+<exp<h ﬁZo—z>>

i<k

=

-1

M

(3.9)

2
,_.o

P<S = k)Eg (<fk(01> -~,Uk)>,) :

bl
[e=]

Now denote by X' = (Xj,..,X}) a vector of independent v, (3, h,~')-distributed ran-
dom variables, and conditionally on X', consider B, .., By independent, Bernoulli( X))
distributed random variables. We rewrite (3.9) as

Ay = Z_ P(S = k)Eg (E [fr(B, .., Br)| X']) + r, (3.10)
where
rN = - P(S =k) (Eg ((fk(al, ..,ak))f) — Eg (E[fr(Bi, ..,Bk)\X’])) , (3.11)
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Applying the triangle inequality and Theorem 2 with parameters N — 1, 3,4/, h for each
k gives

rn| < D P(S = k) [Eg (B[fu(By, ., By)| X)) — Eg ((fu(Br, ., By))_)|
o (3.12)
< QB = ka3 ) fillo Ly
k=0

We observe that all f; introduced in (3.7) map to a subset of RT: restricted to this set,
the function ¢ introduced in (3.8) is L, Lipschitz with L, = 1. Furthermore, all f, are
bounded by 1, and «a(f, ’y) (B 7) since 7/ < . This ylelds

o(B,7) a(f,7)
N—1 N—1

ES® =0(1) (N — c0) (3.13)

MZ'

Irn| < (S k)k® =

>
Il

0

the last step since S is a Binomial(N — 1, ), in which case its third moment is bounded
uniformly in N (see Appendix). Using (3.13) in (3.10), and "undoing” the S-integration,
we therefore see that

Ay =Eg (E[fs(Bi, .., Bs)| X", 5]) + o(1) .

Clearly S converges weakly to a Poisson(y)-distributed random variable; furthermore,
given S, X’ converges weakly to a vector of independent v, ([, h,~y)-distributed random
variables, by Proposition 1-77). Remark that for any k& € N it holds that 0 < f;, < e”; but
the restriction of g on [0, e"] is bounded and continuous, so we may safely replace S, X’
by its weak limit 7, X', at the price of a vanishing (in N) error, to wit:

Ay =Eg(E[f(Bi, .., B)|X,7]) + o(1).
All in all,

lim Ay =Eln (1 +E
N—o0

exp (h -8y Bi> X, 7’]) (3.14)

i<r

=Eln (1 +e" ] E lexp (—8B;) |X]> (3.15)

i<r

=Eln <1+ehH [1-(1 —eﬁ)Xl}). (3.16)

i<r

3.2. The B-limit. Recall that
N -1

BN:FN—I(/87h77>_FN—I(/B7h7ry/)7 where ’YIZT/Y

We are thus comparing two systems defined on the same configuration space ¥_1, but
with slightly different dilution-parameters. This can be taken into account by a coupling
procedure, i.e. introducing fresh random variables

N . .. - Y
Jii)1<i<j<n—1 independent Bernoulli with success probability ,
UESE N-D(N—7)
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independent of the ¢'s, in which case, using that the (g;j)i1<i<j<n—1 are independent
Bernoulli(y’/ (N — 1)), it is immediate to check that

(gi; + H{gi; = O}gij)ngjgNA are independent Bernoulli (ﬁ) .

The following representation therefore arises:

Y wesy_, XD (h 200 = B i 19+ H{gij = 0} i) Uz‘%‘)

By =Elog
ZaezN,l exp (h 20— ZKJ' gijUiO'j)

Y

or, which is the same,

BN = ElOg <€Xp (-5 Z 1{913 = O}Qijo-io-j) > . (317)

i<j

We now write

exp (—5 > Yoy = O}Qij0i0j>

i<j
= exp <—BZ§ij0i0j> exp <5Z (1 —1{gi; = 0}) Qij0i0j> (3.18)
i<j 1<j
= exp <—Bzgijaiaj> TN, say.
i<j
It is easily seen that
The r.h.s. of (3.19) is § times a Binomial random variable of mean %, and this in

turns implies that
By = Elog <eXp (-52gijaiaj> > +0(1) (N = o). (3.20)
i<j _
We now claim that

”spins appearing in the exponential on the

3.21
r.h.s. of (3.20) can do it only once.” (3:21)

Precisely, we consider the event
Oy = ﬂ {fh’j =1= gir = 0 Vicn—_14#j and gz; = 0 ngN—l,k;éi} : (3.22)

1<i<j<N-1
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An upper bound for the total contribution of the complement Qf; to By is obtained by
setting o,0; = 1 for all pairs (4, j); this steadily yields the est1mate

Y

1<j 1<j

Estimating the indicator by the number of pairs of § that do not satisfy its condition gives
los < Y Gubirt Y. G- (3.24)
1<i<j<j'<N 1<i<i’<j' <N

Applying this estimate using that the ¢’'s are independent Bernoulli with success proba-
bility m a simple computation shows that

1%2%']SN?’((N—wV(N—v))Q*NS((N—1>7<N—v>>3’ &2

1<j

which is indeed vanishing in the limit N — oo: this proves (and formalizes) claim (3.21).
But on Qp, all spins appearing in the exponential of (3.20) are different: since the
Gibbs measure is independent of the event Q) (and invariant in distribution under spin-

permutation), setting S = ) §;;, we get
i<j<N

S
By = E].QN lOg <6Xp (—6 Z O-Qi_lO-Qi) > -+ 0(1) (N — OO) (326)

Integrating out S, we thus obtain

(N-1)/2 k
BN = Z ]P(S = k’, QN)EIOg <exp <—ﬂ Z 02i—102i> > + O(].) . (327)
k=0 i=1 —

(The above sum runs to (N — 1)/2 only because for bigger k it plainly holds that {S =
k} N Qy = (). Using Theorem 2 along the lines of (3.6)-(3.12), but in this case with

fi(B) = exp ( ZBzz 1321) )

and g the natural logarithm restricted to [mln fr, max fi], we obtain

S
€xXp <—5ZB21'—1B2¢> \X/, S
i=1

By = Elq, logE +Qu, (3.28)

where

v = B [$) geL,] +ol) (V5 00).

Observe that fs(B) € [e 55, 1], on this set (the restriction of) gg is L, -Lipschitz where
Ly, = €. This implies

Qn < ME [S2e75] + o(1). (3.29)
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It is not difficult to check (see the Appendix) that E [S 388 ] is uniformly bounded in N,
hence (3.29) vanishes in the large N-limit.

Concerning the first term on the r.h.s. of (3.28): analogous arguments as those used
to introduce the 1g, -restriction (see in particular (3.21) and ff.) steadily yield

S
E(]_ - ].QN> lOgE exp <—6Z Bgi_1B2i> |X/7 S] = O(l) (330)
i=1
All in all,
S
By =ElogE |exp (—5 > BZi_le> X', S| +o(1). (3.31)
i=1
Using the fact that given X the B; are independent we have
S
By =EY logE [exp (—BBai1Ba) | X', 5] + o(1). (3.32)
i=1
Computing the conditional expectation gives
s
By =E) log[1—(1-e )X} X3] + o). (3.33)
i=1

and since all involved random variables are independent,

By = E[S]Elog [1 - (1 — e ?)X]X5] + o(1)
= %E log [1 —(1- e_B)X{Xﬂ +0(1). (3.34)

Since (X7, X}) converges weakly to v,(83,h,v)®?, it steadily follows from Proposition 1
that

lim By = ZElog (1— (1—¢7) X1Xs) . (3.35)

where X7, X, are independent random variables, distributed according to the fixpoint-
solution of v = T, ,v. Theorem 3 thus follows from (3.16) and (3.35).
O

4. THE T-OPERATOR, AND CONTINUITY OF THE FIXPOINTS

We present here a proof of Proposition 1. We first show that the T-operator is, in the
replica symmetry phase, a contraction.

Proof of Proposition 1-i). For u, v probability measures on [0, 1], we claim that

d (Tﬁ,h,'y(:u)7 Tﬁ,h,'y(”)) < C(ﬁa P)/)d(,ua V) ) (41)
where C'(3,7) is given by (2.8): this will naturally imply Proposition 1-7).

To see (4.1) we first observe that, by definition of T} -, it holds
d (Tpny (1), Tony(v))
1 1 (4.2)

S inf K r -1 r -1
1+ (exp (h -8 Zi:l Ui))x 1+ <eXp (h - B Zizl Ui))y
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where X is a sequence of independent p-distributed random variables, Y is a sequence of
independent v-distributed random variables, the infimum is over all couplings of X and
Y, and r is Poisson(+)-distributed random variable which is independent of (X,Y").
Introduce now the function m : [0, 1]" — [0, 1],

r = m(x) = 1+<exp (h—ﬁZai>>

One easily checks that

-1

ed—1
aﬁ?' OO< )
100 mlle <

if © < r, and zero otherwise. It therefore follows that

e’ —1

(4.2) <infE ) [|0s,mlloe |1 X; — V3| < infEY X - Y.
=1 =1
We now upper-bound the r.h.s. above by restricting the infimum to couplings for which
(X, Y;)ien is an ii.d. sequence : since the Poisson(7) is independent of everything else,
we have

B _1 8 _1 B _1
(4.2) < & B[ E (X, - Vi| = S E[rld (u,v) = —~d (1, v)
It is immediate to check that
el —1
¥<C(,0) <1,
hence claim (4.1) is proven, and Proposition 1-i) follows. O

We next prove the continuity estimates on the solution of the fixpoint-equations.

Proof of Proposition 1-ii). Without loss of generality, we assume that v < «/, in which
case one immediately checks that (1 — C(83,7))™" < (1 — C(B,+'))~*. Shorten v, =
v (B, h,7), and v, = v, (B, h,7), as well as T' = T p,, and T" = Tp p, .. Since v, and v,
are the (unique) fixpoints of the corresponding operators,

d(v,v,) =d(Tv,, TV,) < d(Tv,,Tv,)+d(Tv,,T'V,) , (4.3)

the second step by the triangle inequality. We now apply Proposition 1-i) to the first
term of (4.3) to get

d (v, v,) < Oy, B)d (v, 1) + d(Tv,, T'V,)
or, which is the same,
P
~1-C(7.B)

We now focus on the r.h.s of (4.4): since Tv; and T"v, are both probability measures on
[0, 1], for any event 2 C €2, and with Z and Z’ random variables distributed according to
Tv, and, respectively, T'v., it holds:

d (v, V) d(TvV,,T'V.). (4.4)

d(TV.,T'V)) <El4|Z — Z'| + P (Q) . (4.5)
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As for a concrete choice of the random variables appearing in (4.5), we proceed as follows:
we let r to be Poisson(7)-distributed, " Poisson(v)-distributed, and the sequence X
consists of independent v/.-distributed random variables. By definition of the T-operator,
we may choose Z, Z' as follows:

T -1 -1
o))
=1 X
r! -1\ !
' =1+ <exp (h—620i>>
=1 X

We now come to a specific choice of the Q-event, to wit:
Q={weQ: rw) =W}

Picking a coupling of r, 7’ which maximizes P(r = r’) yields

Z

~ 1
P [QC] S EdTV (7“, T,),
and since Z = Z' on 0 , (4.5) becomes
~ 1
ATV, Tv,) P (0) < Sdrv(rr') <y =7, (4.6)

the last inequality by well-known estimates on the total variation distance of two Poisson
distributions. Plugging (4.6) in (4.4) settles the claim of Propositionl-ii). O

5. ASYMPTOTICAL DECOUPLING

The proof of Theorem 2 is done in two steps, In a first step, Section 5.1 below, we prove
a quenched decoupling: the quenched Gibbs measure can be replaced by a random product
measure with identical marginals (remark that the latter is uniquely characterized by the
magnetizations). In a second step we will prove the annealed decoupling, namely that the
magnetizations, under the g-disorder, are approximately independent, and v,-distributed:
this will be done in Section 5.2. We will then show in Section 5.3 how to combine quenched
and annealed decoupling to derive Theorem 2.

5.1. Quenched decoupling. In this section we prove that the Gibbs measure restricted
to finitely many spins approaches, for large N, a (quenched) product measure. This is
encoded in the following (at first sight presumably opaque) statement.

Proposition 9. Let C1,Co, h, 3,7 > 0 and suppose C(,v) < 1 holds. Then for all
f X = R, f X, — RY with the properties
o lfl< s
o |f(z) — f(@)| < CLf'(x) for all x,7 € Xy where x and % are different in one
coordinate
o |f'(x) — fl(2) < Cof'(x) for all x,& € Xy where x and & are different in one
coordinate
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the following holds:

E (f(o1,s01))  (flo1,.0n))y <k (O +C) I{:B;B*,

<f/ (O'l,..,(fk» <f/ (017"70k>>Y

where Y = ({(0));<y and B, B* are increasing in 3,y and are given by

1126280 (v, B)
Y «__37¢ Y
S d B*=
1-Cc(.p) " 1—C(7,5)

To see that the above Proposition indeed implies the approximate decoupling of the
(quenched) Gibbs measure, consider the following situation: let f be a bounded (non-
zero) function, and set f’ = || f|l. By Proposition 9 with C} = 2 and Cy = 0 it follows
that

B =

k *
E[(F (01,,00) — (F (1, )}y | < 28| flloc 0P

The error when approximating the quenched Gibbs measure with a product measure is
therefore vanishing.

(5.2)

Although the proof of Proposition 9 relies on the simple idea of decoupling on spin at
a time, the rigorous implementation is quite involved. Controlling the error generated
by a single step of the procedure is the content of the following Lemma. Before that,
we need to introduce some additional notation which captures the concept of ”partially
decoupled” (the meaning of which will become clear in the course of the proof).

This is achieved by considering replicas o°,o!,..,0" € Yy, namely configurations
which are independently drawn from Gy ... More precisely, given Gy g+, the vector

(0% a',..,0") € B is Gy -distributed. To lighten notations, we stick to the conven-

tion of omitting the underlying parameters, i.e. we write ()*” for (quenched) expectation
w.r.t. gﬁ%’%h on the N-system, and ()" for expectation w.r.t. gj‘s’ilm,,h on the (N —1)-

system, where 7/ = %7 is the reduced dilution-parameter. Remark that, by these very
definitions, the following identities hold true:

<f (00,01,..,0”)>®n: Z f(ao,al,..,an)ﬁg(al),

ol,...o"eXN =0
and
(f(o},0308)"" = (f(o1, 02, 0w)) -
Furthermore, for Y = ({(0;)),<, it holds that

(fo}, 02, oNN" = (f(01,00..,08))y -

Finally, since we will consider functions that depend only on a fixed number of sites, it
is convenient to denote the rows of the matrix (o),_._ . ., by bold o; = (0}, 07..,07").

(Not to be confused with the columns of the matrix, which stand for the replicas o' to o).

In order to prove Proposition 9, the following Lemma is needed:
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Lemma 10. Assume ;v are such that C(B,v) < 1. Let m <k <n < N € N. For
functions f: X — R, f': X% — RY with the property, that |f(x) — f(z)| < f'(z) for all
x, T that are only different in one of the kn entries, the following holds:

&
E <f (0-17-'70-m;0-2+17'-70-]?) _f<0-17"70-m—170-:7"70-k<_>)> "

<f’ (0'1, O O, ..,a}j)>®n
0 2 n)

where B, B* are the constants from proposition 9 and o = (03, 07..,0

irYe Yy )

<k:B+B7
- N

(5.3)

Proof. We first clarify the relation between the Hamiltonians H and H_, and between the
Gibbs measures G and G_: plainly,

H(o)=H_(0)+on (h - Zgi7NO'i> : (5.4)

<N

by a slight abuse of notation (H_ does not depend on oy).It follows from (5.4) that for
any function f of (¢°,..,0™)

<f>®”=% > Yo e ]] eH- () =Z7< > f8>,

o0,..oneshtt \o%,one{01}  0<i<n o, 0% e{0,1}

where £ = &5, x5 (0%,..,0") =exp | Y oY <h -6 gi,NJ§)> . Considering the frac-

0<i<n i<N
tion of two such expectations gives a self similar link between the N-system and the
N — 1-system
(H™"  (Avfe)rn

(7" (Av E) (55)

where Av denotes the average over all o% € {0,1}.

We now proceed to prove the claim: this is done by induction on N, i.e. propagating
the estimate from the N — 1- to the N-system, thereby using equation (5.5).

For N = 1 and any choice of v, B, B* > 0 we have k < 1 therefore f only depends
on one coordinate at most. f is constant for £ = 0, whereas for £ = 1, by symmetry,
(f (o1) — f(o77)) = 0. It follows that the numerator of the left hand side of (5.3) is zero.
This proves the lemma for N = 1. Let N > 2, assume C(f,7) < 1 and that the lemma
holds for N — 1 and all v/ < . Let f: 37 — R, f': ¥ — RT be functions with the
property, that |f(z) — f(2)] < f'(x) for all z,Z that are only different in one of the kn
entries. We set f; = f (01, ..,am,aﬁ,..,a,‘j_l,a]v), fo=1f (0'1, s Oy O ..,a,‘;’_l,aﬁ)
and f' = f’ (0'1, Oy Oy O 1, O'N). As the the replicated Gibbs measure is invariant
in distribution among swapping of sites we have

(= 1|

Lhs.(5.3) =E ’ e
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Conditioning on (g; n)icn, for any event Q C Q which is measurable with respect to
(9i,N) ;< it holds:

(i = f2)°"
(e
(Remark that the fraction is bounded by one). Using (5.5) and writing Ey for this

conditional expectation

Lh.s. of (5.3) <E1sE H

|<g,-,N>i<N} L) (5.6)

En

®n . ®Mn
‘<f1 — fa) _ (Av(fi—f2)&)° (5.7)

(=" (Av fr&)="

The next step amounts to decomposing the expression Av (f; — f2) £ in such a way that
the induction hypothesis kicks in. To do this we first introduce

Q={gn=0fri=1,..k—1}, and J={i< N|gn #0}.

Observe that, on €, the function f; — f» does not depend on the coordinates which
appear in J, whereas £ depends solely on these, and the N-coordinate: this ”"separation”
will naturally turn out to be very useful. Writing 7; for the operator that swaps ¢! and
o}l we have

(Av(fi— f)E) o [[ T = Av

ied

(i — fo) (80HT)

ied

Remark that Av is invariant under swapping of 0%, and o}, yet the procedure turns f;
into fy, in particular it holds that (f; — f2) o T = fo — f1 and therefore

Av(fi—f2)E=—(Av(fi - HTu

e

since Eo [] T;=E&. Decomposing telescopically by swapping one spin at a time gives

ieJU{N}
1 7]
AV(fl—fz)gzg(AV(fl—fz) —(Av (fi - ET Zfs fsoTi,, (5.8)
where f; = (Av (f1 — f2) €)o [[ T with the convention that J = {iy,...,4s}. Applying
this decomposition to (5.7), l?);s?lfe triangle inequality
®n |1 ®n
R
Plugging this into (5.6), we therefore obtain the estimate
Lh.s. of (5.3) < Elg= iEN —fioTi)" + P(Q°) (5.9)
(Av €)%




REPLICA SYMMETRY OF ISP 20

The only missing ingredient is to find C' > 0 such that |fs — fs0T; | < C Av f'E, for then
we could apply the induction assumption to get

<fs - fs 0Ti5>?n

<okt I)B+ B
(C Av fr€)%" ‘

E
CEx = N-1

(5.10)

To identify such a C, we set &' = exp(a(h — 8 > ginol)) in which case £ = [] &,
i<N 0<I<n

and analyse the construction of f, on . By definition

(Av(fi— f2) &) o H Ty, — (Av(fi— f2)€) o H Ty | .

1<s’<s 1<s’'<s

’fS_fsoﬂs

Separating the terms that depend on the permutation 7;_, the above equals, on Q,

Av(fi—=f) TT € [T e |oh (=8 > o )] I] 7

2<i<n 1=0,1 1<s'<|J],s'#s 1<s'<s

(5.11)
. (H e, _ T e-ohoh T) |
1=0,1 1=0,1
This is bounded above by
pes(n(o0_p_2))osm
Av(fi— f) €] sup 1=0,1 1<s'<|J|,s'#s 1<s/<s (1 B 6725) .

0c1
0'1,0'2€EN g 5

By definition of £!, the sup is equal to

sup  [[exp (o | (=8 > o, o Il T—|r-8 > o |]]

1 452
00 EEN 1—01 1<s'<|J|,s'#s 1<s'<s 1<s/<|J|

) < 26171

hence h and all o;, for s" > s cancel, and the above equals

sup H exp (aﬁvﬁ

1,2
olo?eXy 1=0,1

l l l
O-is _|_ Z O-is/ B O—is’ © ES/

1<s'<s

Using, this and the fact that
AV (fi = f2) E| S AV|fi — fol E S AV f'E
since | f1 — fao| < f’ by assumption yields

|fe— fooTi| < (L—e ) VI Ay fE.
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Therefore we can use (5.10) with C = (1 — e %) e*®I/l to estimate (5.9) further. The
upshot is
||

1 (k+1J|) B+ B* (k+1J|) B+ B* ~
Lhs. of (5.3) <E=Y C P(Q°) < E|J|C P(Q2°).
s of (33 <B3 3 O 5 + (@) <ElJ N ()

Using (1 — z)* > 1 — kx, which holds for any k € Ny and z € [0, 1],

~ ¥ k—1 fyk‘
PO =1-(1-3) <2
(€2°) ~) =W
N-1
Next are the estimates for E|.J|e?*l/l and E|.J|?e2?/. Recall that |J| = Y. gin, and that

i=1
the g; n are i.i.d. Bernoulli(y/N). It thus holds
N-2

BT — (N - 1)L 25(1 A 25_1>
e = (N = 1) L2 (14 (e 1)
< yexp (y(e* — 1) +28) = ag,,
where the inequality uses that (14 &)~ < e*. Similar considerations yield
2
E|J|2e*| < % exp (y(e* — 1) +48) =: b, 5.
With these estimates we see that
1
Lhs (5.3) < v [k (BC(8,7) +7) + bys (1 —e ) B+ C(B,7)B*] (5.12)
since ag, (1 — e 2#) < C(B,7). The proof of Lemma 10 is therefore concluded by setting

8 . _ Dy (1-e*)B

U

Proof of Proposition 9. Let C(5,7) < 1 and f : ¥ — R, f' : ¥ — R be functions
having the three properties stated in the assumption of the Proposition. Remembering
that we want to decouple one spin at a time we set

1 1
fm=1F (01, ..,Jg,a,lnﬂ,..,a,i) and f = f (a%,..,a,’,’j,arlnﬂ, ..,ak) )

With this notation the left hand side of (5.1) is equal to
Qn ®n
g | (fr)

N ("

and using the triangle inequality after telescopic decomposition yields

Y

k—1 n M
Lhs.(5.1) < > E 2?,”;@71 _ <<?/n+1>>®n .
m=1 m m—+1

Clearly,

<f7/n>®n < 7,n+1>®n ’

‘(fm>®” (Fni) ™"

_ ‘ <fm - fm+1>®n L <fm+1>®n <f7,n . T,n+1>®n
Fal™ (Frer) 2" )"
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which again by the triangle inequality is at most

n n n n n
'(fm_fm+1>® <fm+1>® <frln_ r/n+1> < ’(fm_fm+1>® <f7,n_ 1/n+1>
()" P (2" |71 ()™ ()"
where the last estimate is due to |fn41| < fr,,,. Expanding the terms by Cy,Cs re-

spectively, taking expectations and applying Lemma 10 settles the proof of Proposition
9. O

+

Y

5.2. Annealed decoupling. In this section we prove that finitely many magnetizations
are independent, v,-distributed random variables. Precisely:

Lemma 11. Assume that 5,7 > 0. For any k € N, it then holds:

k3

= (5.13)

sup d (£ ((0)),<i.»v- (8.0,7)7) < D(B,30)

<70
with the function (B,v) — D(B,7) increasing in both variables and finite for C(3,v) < 1.

Proof. Let B,70, h > 0 satisfy C'(7o,3) < 1 and let 0 < v < 7y. The proof will be done by
induction on N. Getting some technicalities out of the way first we note that the model
is not well defined for v > NN as then p = + > 1. Replacing in these cases p by one will
not harm any of the estimates we do for the induction step as they are all increasing in
~. With this convention, for N = 1 the claim is trivial by picking D(f3,v) > 1 since k can
only be zero or one. For general N, D(3,~) > 2 and k > N/2 the claim is also trivial as
the left hand side of (5.13) is bounded by k and the right hand side in this case is at least
k%. As for the interesting case, let N € N and k < N/2. We set

k
C =exp (Z ON—k+j (h -0 Z gz‘,N—k-{—jO'z‘)) .
j=1

i<N—k+j
We denote by () , the expectation w.r.t. On,g, =k g and by ¥ = (<Ji>*k)i§N—k the
vector of magnetizations on the N — k system. (Considering the last k spins instead of
the first ones leads to lighter notation). What is absolutely crucial for the whole analysis
is that C is independent of the randomness in () ,. We also notice that following (2.1)
and (2.2) for k-many spins (instead of one) gives the identity

(Avo;C)

(o) = AVe), (5.14)

for N — k < j < N. Here the average is taken over on_j41,..,0n € {0,1}.

For the remainder of this proof we set X’ to be a sequence of independent v, (5 ,h, %’y)—
distributed random variables.

With the above notations, and by the triangle inequality, we have

d (c (0))pcicn » Vs (Bs 1, 7)®k) < I+ 11+ I11. (5.15)
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where

I.=d £<<Uj>>N—k<j§N’£ <%>N k< N) 7

I =d E(M) 7£<%) |
(AvC)y N—k<j<N (AvC) x/ N—k<j<N

<AV‘7JC> ,) ok
]_[IEd E(—X aV*(/B)h)’Y) 9
(AvC)x, N—k<j<N

where all all averages are taken over on_g41,..,0n € {0,1}. The proof of Lemma 11 boils
down to showing that:

1. is 'small’ by Proposition 9.
II. is 'small’ by the induction.
II1. is ’small’ by construction of the T-operator.

(For the meaning of small’, see below: (5.20), (5.26) and (5.31) respectively).

A first estimate on the Monge-Kantorovich distance behind /. is established by consid-
ering the coupling which is already given, and using (5.14). It holds:

(AvC)_, (AvC)y

k
I. S Z E ‘ <AV O-N—k+jc>—k; <AV 0N—k+jC>Y ' (516)
7j=1

To estimate the above we will use Lemma 9, which in turns requires a control of C. To
this end, let

be the event that there are no "direct” interactions between the last k spins. Furthermore,
let
QQE{gi’j:OOI'gi’j/:OViSN—k,j<j/>N—k}
be the event that there are no interactions of the last k spins "via” a single other spin.
Finally, let
Q.= Ql N QQ .

(Remark that for fixed k& both Q; and Q, are likely to happen, for larger and larger N,
and so is Q).

We observe that all fractions appearing in (5.16) are on [0, 1], which implies that the
sum is bounded by k: using this rough estimate, we thus obtain

k
I.<) E1q
j=1

Under the light of Lemma 9, we set f = 15 Avon_j4+;C and f' = AvC. Using that on Q
each spin in C appears at most once, changing the value of one spin changes the exponent
by /3, at most. We apply Lemma 9 with C; = Cy, = ¢® — 1. This yields

SB + B*

(Av O-N—k+jc>fk (Av UN*k+]'C>Y

(AvC)_, (AvC)y

+ kP (Q) . (5.18)

I. < 2KES (¢ — 1) + kP ()
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where S is the number of spins C depends on, to wit:
N j-1
> 2%
j=N—k+1 i=1

which is Binomial(kN + ==~ kH) + )-distributed. Rough estimates on the first two moments
of S, recalling that & § , yleld

E[S] <2ky and E[S? < 6k*(y+9?)

It holds:
P (Ql> —1- (1 - l)k(k_l) < (5.19)

and therefore P(Q°) < WH . All in all,
12(y+~)B+4yB* . (v+H) kK K3
k : —
N + N wﬂa’YN )

where wpg , stands (here and throughout) for a constant depending on 3,y only, which is
increasing in both variables.

I.< (e =1) (5.20)

We next address /1. We estimate the Monge-Kantorovich distance using that the ran-
domness in C is independent of X' Y and taking the infimum over any coupling of X'
and Y:

k /
, (Avo,C)y  (AvoiC)y

I11. < fg E —
R ' Ave), — (Ave),

By the same estimate which leads to (5.18),

<AV 0iC)y (Av o:C)y

I1.<inf SR |15 000y g VT
o Z OAVE),  Y(AvO),

+ kP(Q°). (5.21)

Counsider the random functions

(Avon-1+;C),

s; 0 [0, 1)V F = [0,1],2 — 14 A0

- k
for j < k. On Q the representation C = [] C; holds, where
=1

C, = exp (UN—k—H (h -3 Z gz’,N—k—i—le‘)) -
i<N—k



REPLICA SYMMETRY OF ISP 25

We use this expand the s-functions: precisely we write:

k
<AVj O'N,k+jcj‘ H AVlcl>

I=1,1#j

k
<H AVl CZ>
=1 z

where Av; is the Average over on_;y; € {0,1}. Since (.)_ is a product measure, and since

k
<AV ON—k+j H Cl>

=1

si(z) = 1g < L =14 : (5.22)

k
AVHCl>

=1

the C} depend, on Q, on disjoint sets of o, cancellations lead to
o (AvoneiC),
SJ(I) - Q <AVj CJ>;,;

Since C; depends only on those o; for which ¢; y_x4+1 = 1, s; (x) only depends on those
x;. Consider the derivative in such a direction:

8%(@’1 I1 (exp(—ﬁéh,ﬂl)%)

(5.23)

I<N—k

|0n,55(2)] = 14

! (5.24)
(1 + eh [<1];[—k {exp (—ﬂgl,jffl»x)

The numerator is given by

e (e —1) H (exp (=Bagi;01)),

ISN—k,l#i

<(e"=1)e" ] (exp(=Bajon),

ISN—k

hence the following estimate holds
ef —1
4

102,8ill00 < 1q1yg, =1} (¢” — 1) sup (5.25)

t
<l1sl;,. —
>0 (1—|—t)2 — -Q {91,]*1}

Using this in (5.21),

N N—
II.—kP(Q°) <inf > E Z

j:kaJrl

—1 -
inf Z El@ Z 1{gi,N—k+j:1} ‘Xz - Y;| .
i=1 =1

Introduce now the event A; = {35 < k: gin_k+; = 1}. On Q it plainly holds that

8sj

|Xi—Yz‘|

Z 1{97.’,N—k+j:1} =14,
j=1

and since the newly introduced A-events are independent, and independent of X’ and Y/,

we get
N—k

inf > Elu, [X; - Y| .

i=1

- B _
1 — kp(or) < — 1
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By the induction assumption, conditionally on all A; for ¢ < N — k, we have

6'8 1 Z ]'Az

IT.< ——D(8, 7)% + kP(Q°),

since %’y < 7. We now observe that

N—k g k
3 14, Binomial (N—k:,l— (1—%) ) ,

i=1
N—k 3
< lAZ) (v’ + 37> +7) k°

=1

hence, by simple estimates,

Recalling the estimates on P

~

QC>, since k < N/2, we therefore have

8 _
<1
2

(v +37+7) D(B,'y)k—3 MhkvLs
N N 5.26)
£ G (
< O(B,)D(6,) 5 + T

We next move to I11. By the triangle inequality

(AVJjC)X,> < N—Fk )®’f
INI.<d| L| 5 h,———
B < (<AVC>X’ N—k<j§N ’ N

N—Fk \* ok
—l—d( <ﬁhT’y> Vs (B, 0y ) )

Consider now independent random variables 7, .., Z;, which are v, (5, h, 7)®k—distributed.
(Remark that the Z’s may depend on the randomness appearing in X’,C: a concrete
choice will be given only later, see (5.28) and (5.29) below). By definition of the Monge-
Kantorovich distance we have that

(e () (00555 )

(Avon_k;C)
< E —Z;
Z ‘ (AvC) ’

the last step by restricting to Q. Recall from (5.22) that
(Avoni4,C) x
¢ (Av Cxi

<AVj O'N,kJerj)X/

(Av; Ci) xi

=1, (5.27)
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holds and that on Q the C; depend on different o;. Therefore the right hand side depends
for each j on different X;. Computing the averages, and plugging in the definition of C;,
leads to

<exp (h - Z O'Z'> > —1y 1L
(5.27) = 14 < =15 |1+ <exp h—BY o >

1—|—<exp <h—ﬁ > Ji>>
i€J; <

where J; = {i < N —k : g;n_ry; = 1} are disjoint sets on Q. We now consider 7; to
be a Poisson(%v)—distributed random variables independent of each other and X', but
optimally coupled to |J;|. This is possible since the |J;| are independent of each other. If

Q occurs and r; = |.J;|, which are events independent of X’ we set

ieJ; X/

—_1\ —1

Z; = 1+<exp h—BZO'Z' > , (5.28)

iGJ]‘ X7

otherwise we set

Z; = 1+<exp h—ﬁZai > , (5.29)

1<r;

where X; = (X;1,X,2,...) is a sequence of independent v, (3, h, ) distributed random
variables independently of X’ and of X; for [ # j. With this, the Z; are independent
random variables, with identical distribution given by

N -k N -k
Tﬁ,h,%»y]j* (67 h7 TV) = Vi (ﬁa h7 T7> :

It then holds:
(Avon—1+iC) x

(AvC)

since the term is zero on {|J;| = r;} and bounded by one no-matter-what. Collecting all
estimates we thus have

1g

— Zj| < 1guy12r)

. - N—k \*
11 < S B (|Jj] # 7)) + KB(Y) + d (W (5, h, T’Y> v (B, h,fy)®k> (5.30)

Jj=1

Taking the infimum only coordinate by coordinate, the rightmost term above is at most

N —k N —k k2 k3
—_— < — =y < Ay
kd(w(ﬁ,h, N 7>,V*(ﬁ,h,7)>_k‘ N 7‘ TN ST

the first inequality by Proposition 1.
As for the first term on the r.h.s. of (5.30), by the optimality of the coupling and since
all summands are identical, we see that it equals, in fact, £drv(L(]J1]), £(r1)). Since
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| J;| is Binomial(N — k, 1)-distributed and r; is Poisson(%-£~)-distributed, their total
variation is, by Well—known estimates, at most

72 (N = k) < Qk_g

EEEE U
The middle term in (5.30) is bounded by (v +~?) % B by (5.19) and ff.. All in all, we have

I11.<2 (7+7) (5.31)

N’
Putting together the estimates (5.20), (5.26) and (5.31), we thus have that
k‘3
N
The above holds for any choice of D "inherited” from the induction step, but we now
specify a concrete choice: we let

I+ 11 +111. < (C(B,7)D(B,7) + 37 + 37 + wa,)

2
D(B,v) = maX{Q, 37+ wﬁ’w}

- C(8,7)

(It is immediate to check that this function satisfies the required monotonicity).
The proof of Lemma 11 is therefore concluded by observing that

C(8,7)D(B,7) + 37y + 37> + ws, < D(B, 7).

5.3. Proof of Theorem 2. Let h, 3,7 > 0 with C(8,v) <1 and k < N € N. Consider
a function f : {0,1}* — R and a Lipschitz continuous function ¢ : [min f, max f] — R.
By the triangle inequality,

Eg ((f (01, 0%))) —Eg (E[f (B, ..., Be) [X])| < I.+ 11,
where
I.=E |g((f (0'17 --,Uk:)>) - g((f (0-1’ "’Uk)>Y)| )
I1.=[Eg ((f (o1, ., 0k))y) — Eg (E[f (B, .., Be) [ X])] ,

and Y = ((04)) ;< n-
As for I., since g is L,-Lipschitz,

I. < LE|(f(o1,..,0%)) — (f (01, -, 0%))y] -
Therefore Lemma 9 implies, with f' = max |f|, C; = 2 and Cy = 0, that

kB + B* NG
1< L2k o™ < Lol flle (2B +2B") (5.2)

where the second estimate simply uses that k£ € N.
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As for I1., we compute the conditional expectation

E([f (Bi,..,By)|X] = Z(HP —az]X> (01, .., %)

oEX =1

= Z H (Xile:l + (1 - Xl) 10'2':0) f (017 ">Uk) = <f (017 "70k)>X :

o€y 1=1

Hence, by the Lipschitz-continuity of g, and for any coupling of X and Y, it holds:

I1. < LQE |<f (017 "7Uk)>Y - <f (017 "7ak>>X|
Consider the function s : [0,1]* — R,z — (f (01, ..,0%)),. One easily sees that |0y, s <
2| f||co- Using this,

k k
IT. < LiEY [|0n,5ll00 |Yi — Xi| < 2Ly || fllB Y [Y; = X3

i=1 i=1

Since we considered an arbitrary coupling of X and Y the inequality holds still true as
we take the infimum over all couplings. This yields

k
IT. < 2Ly flloo inf B>~ [V; = Xi| = 2Ly fllood (LY, LX) |

=1

by the definition of the Monge-Kantorovich distance. Plugging in the distributions of X
and Y gives

11, < 2L, | fllood (£ (03)), v (B, 7)) -
By Lemma 11, and (5.32), we obtain

NG i3
L+ 1L < Lyl fllo (2B +2B%) o= + 2L || fll D(B: ) 3o (5.33)

This, together with the (f,~)-monotonicity of B,B* and D(f3,~), settles the proof of
Theorem 2.
]

6. APPENDIX

We give here a proof of Fact 1, together with some technical estimates on Binomial-
distributions.

Lemma 12. The time-derivative of the interpolating free enerqy is given by
o'(t) = ; (N2 Z;\[Elog (exp (=fo05)), — = ZElog <exp (az log (e~ 65>X5 )> >+0(1)

Proof. We lighten notation by setting X?,j = log <6_B£>X;§j‘
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It holds:
1 LT e (o)
“(p(t+u) — p(t)) = —E log 227N 6.1
Ll u) —olt) = S5 vsexp (H3,(0)) (6.1)
deNK oe¥y

where the joint distribution of HY (o) and H}, (o) can be chosen in any way that does
not touch the marginals. We write ¢g*** for the g* in HY,, (o) and g*' for the g* in
HY (o) to distinguish them and analogously for §. We set

gttt =gt + (L= gt) bf,; and gt = g5 + (1 — g5") biy

where the b* are independent Bernoulli (5

) random variables and the b are independent

Bernoulli (u random variables. b*,b are chosen independently and independent

m)
of any other randomness in H}, (0),HY,,,(0). One easily checks that ¢*** and g* have
the correct distribution. With this construction we have

N
NHU )+ 52 1 — g” b; joi0; = H]‘SW(U) - Z (1 gf;r“) bz’,jUiX?J- =: H(o)
i<j ij=1

Expanding the fraction in equation (6.1) by the partition function of H yields

. D Usexp (HNt-i-u(g)) > > vsexp (H]lz/,t(g))

g log SENV 7EEN g log SEN 7EEN
Nu > > wsexp (ﬁ(a)) Nu > > wsexp (ﬁ(a))
dcNK ceXn SeNK ceXn

1
= —TElog <exp ( 52 1—9” Ui‘fj)>
NU i<j H
. N
u\ 7. )
— mElog <exp (Z (1—gt") bi,jaiXi,i) >

ij=1

H

The event that more then one of the b’s is 1 has probability of order «?, and can therefore
be neglected in the limit v — 0. On the other hand, if all b are zero, the expressions in
the expectations also vanish. It follows that the above equals

1 * 7 * *
Nu ZIP’ <b = b= 0 except for b; ; = 1) Elog <exp (—5 (1 — glz) Uigj)>g
i<j
T
N P (b* = b = 0 except for b; ; = 1) Elog {exp ((1 — gf“;h) Uixzj»g + 0,(1).
ij=1
Computing the probabilities we see that the first probability is equal to

N T ou(1) and
N(N-1)

the second probability is equal to +— (1 5+ 0,(1). Since there are ==

respectively
N? summands, taking the v — oo limit we obtain

N

—1
#(0) = 37— gBlog (e (=6 (1 - gi) 0102)),
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N

TNy (1— t)7E log (exp ((1 - 41,) UIX?,2)>,§

Observe that replacing (1 — g{fQ) and the corresponding g-term by one has a vanishing
contribution in the large N-limit, hence

o(t) = % (IE log (exp (—f0102)), — 2E log (exp (01X‘15,2) >t) +o(1). (6.2)

The Hamiltonian only depends on X‘fg when ¢; 2 = 1, which happens with probability of
order N~!. Therefore and by the boundedness of the second term in (6.2)

‘Elog <exp (ale72)>t — Elog <exp (01X5)>t =o(1).

Consequently we have

’ Y
w(t)=§

and by symmetry among sites

(Elog (exp (—f0102)), — 2E log {exp (lea) >t) +o(1)

P'(t) = % (% Z Elog (exp (—fB0;0;)), — %;Elog (exp (0¢X5)>t> +o(1)

ij<N
as the diagonal has only vanishing contribution. Plugging in x? gives the result. U

Proof of Fact 1. Using Lemma 12 and adopting the notation therein introduced,

O(t) = LE(I.+ I1.) + o(1),

2
where
I. = ! 1 II. = 2 - | o
= WHZ;N og (exp (—f00;)), , =y ; og (exp (0:x°)),
It holds:
1
1= > log[1—(1-¢7) (o:0;),]
i,j<N
1 = (e -1)" .
= -z Z Z%@i%) ‘
i,j<N n=1

Using replicas, we reformulate the above as

- Ly S (MT‘” <ﬁaga;>®n
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As for the second term, denoting the expectation with respect to all X 51, X? and X? by
Ex, we have:

ExII. = —% ZEX log <eXp (O'iX(s)>t = —% ZEX log ((exp (_5€‘7i)>xﬁ>t

i<N i<N
:—%ZExlog [1-(1—¢") = ZZ EX<X502>
i<N N
D i <md]wlsz> |
n=1 i<N I<n ¢

We set
II1. =log Z Vg <e_58152>x5

SENK

Performing analogous computations to the ones for . and I1., we get

ExII1. = Exlog (%) s xg))

(e e} —

=Exlog[1— (1—-e ) (X7X7)] = Z EX<X5X5>
oo (6_5 __1)n . @n 00 _ ; ®n
:_ZT<EXHX1 X2> Z <<EXHX ) >

Collecting all terms we obtain

w()+;EIII_ g (_B— <( ZHO—EXHX5Z>> +o(1). (6.3)

n=1 <N =1 I<n

By (6.3), as I11. does not depend on t and since fy (5, h,7v) = ¢(1) we have

1

Pu(8,9) = 60) + [ $10) = 60) = TBIIL 4 Rsn(C K V) 0(1). (61

We rearrange

S exp (Ho(0)) = Y exp (Zo—z <h+§jgulog (e >ng>)

TEXN TEXN

) ﬁ (1 . <h+§:g@j log <6_55>X2j>) _ ﬁ (1 + et ﬂ <6B€>X;i]) ,

i=1 j=1 i=1 j=1:g; ;=1
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and therefore

0) = %Elog Z Z Vg €XP (vavo(a))

deNK oe{0,1}V

N
:Elongg 1+ H <e’BS>ij ,

SeENK j=1:g; ;=1

using the symmetry in distribution. Now the expectation depends only on the (random)
number of factors in the product, which converges weakly to the Poisson(~y) distribution.
Hence, by standard compactness arguments the above equals

Elog Z Vs <1+ehH<e ’BE>X5 > +on(1

deNK

where r is Poisson(7)-distributed, independent of everything else. Now clearly
0(0) — %EIIZ. = Parisig (¢, K, Vi) + on(1).
Plugging this into (6.4) settles the proof of Fact 1. O

Finally, some technical estimates involving Binomials.

Lemma 13. Let S be a Binomial(n,p) random variable, then for a = np we have

E[S?e7] < (a®e* + 3a%e* + ae’) exp ((¢” — 1)a)

Proof. We set S = Y B; for By, .., B, independent Bernoulli(p) random variables. Then
i=1

n 3 n
ES3e%S = E (Z Bi) exp (ﬁ Z Bi>
i=1 i=1

—E Z; > lﬁ B;B; By.e’P (6.5)
7 1

=1 j=1 k=1 I=

Here is the counting: we have at most n® terms where 4, j, k are all different, at most

3n? terms where in 4, j, k two are identical and the third is different and we have n term
n

where all three are identical. Since the distribution of [] B;B;Bxe’?! only depends on

=1
how many of i, j, k are identical we have

(6.5) < n°E [ BiB:Bse®™ + 3n°E | [ BiBae™ + nE [ [ Bie.

=1 =1 =1

Estimating term by term we have for the first term

EH B ByB;ePP = (IElBleB]':’l)3 (EeﬁBl)n = ple¥ (1 + (ef — 1)1?)”73
=1
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and since (1 + x)F < e we have

n3]EH BBy B3Pt < n3pPe® exp ((eﬁ — 1)pn).
=1
The same calculations for the other two terms yield

3n2EH B1ByePPt < 3n2p*e?’ exp ((66 — l)pn)
I=1

nEH By ePBr < npeP exp ((65 — 1)pn)
1=1
collecting all terms we obtain the result

ES3eS < <(npeﬁ)3 +3 (npeﬁ)2 + (np65)> exp ((eﬁ — 1)pn) :
0
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